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Abstract. This paper introduces a mathematical definition of the category of D-branes 
in Landau- Ginzburg orbifolds in terms of Aoo-categories. Our categories coincide with 
the categories of (graded) matrix factorizations for quasi-homogeneous polynomials. After 
setting up the necessary definitions, we prove that our category for the polynomial x n+l 
is equivalent to the derived category of representations of the Dynkin quiver of type A n . 
We also construct a special stability condition for the triangulated category in the sense of 
T. Bridgeland, which should be the "origin" of the space of stability conditions. 



1. Introduction 

This paper introduces new triangulated categories associated to quasi-homogeneous 
polynomials which define isolated singularities only at the origin and relates those cate- 
gories with the derived categories of representations of quivers. Our motivation comes from 
K. Saito's theory of primitive forms, especially from a problem in his study on regular weight 
systems and generalized root systems :Sa3]. We will explain the problem below. 

Let (a, b, c; h) be a quadruple of positive integers such that the function 

_ (T h - a - l)(T h ~ b - l)(T h - c - 1) 
X{ )■- (T«- 1)(T 6 - 1)(T C - 1) 

has no poles. Such a quadruple W := (a, b, c; h) is called a regular weight system. It is 
known that W is a regular weight system if and only if we have at least one polynomial 

f(x, y, z) G C[x, y, z] such that 

df L df df , £ 
ax— + by— + cz— = hf 
ox ay az 

and 

X :={(x,y,z)eC 3 \f(x,y,z)=0} 
has an isolated singularity only at the origin. Note that the (restricted) map 

/ : C 3 \r X (0) - C\{0} 

is a topologically locally trivial fiber bundle, and the general fiber X\ := (called 
the Milnor fiber) is an open 2-dimensional complex manifold whose second homology group 
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H 2 (Xi, Z) is a free Z-module of rank \x := (h — a)(h — b)(h — c)/abc = lim^x x(T). Since 
X\ is real 4-dimensional, H 2 (Xi,Z) has an intersection form 



If / is a defining polynomial of a simple (ADE) singularity, then (H 2 (Xx, Z), — Ih 2 (Xi,z)) 
gives the root lattice of the finite root system corresponding to the singularity. In |Salj . 
it is shown that (H 2 (Xi,Z), —Ih 2 (x 1 ,Z)) with the set of vanishing cycles (which corresponds 
to the set of roots) and the Milnor monodromy (which corresponds to the Coxeter trans- 
formation) satisfies the axioms of the generalized root system which naturally extends the 
classical (finite) root systems. Since both weight systems and generalized root systems are 
combinatorial, it is natural to propose the following problem. 



Construct directly from a regular weight system W , without passing through the homology 
group H 2 (Xi,Z) of the Milnor fiber, arithmetically or combinatorially, the generalized root 
system of the vanishing cycles. 

The purpose of this paper is to develop a necessary tools in terms of Aoo-categories and 
to give a partial answer to the above problem. Let k be a field of characteristic zero. First, we 
introduce a notion of Q-graded Aoo-categories over k ( Definition 12 ,1|) in order to consider the 
polynomial ring C[x\, . . . x n ] with a polynomial / satisfying the quasi-homogeneous condition 



where and h are positive integers such that the greatest common divisor of them is 

1, as a usual Z 2 -graded A^-category with m (l) = / and an "extra | • Z-grading". We shall 
denote the Q-graded Aoc-category defined by / G C[xi, . . . , x n ] by Af (Example-Definition 



Next, we consider the category of twisted complexes over Q-graded A^-categories 
(Proposition I2.15j) and the derived category of Q-graded Aoo-categories (Definition I2.17J) . 
The important fact is that the twisted complexes over Af coincide with matrix factorizations 
of / introduced by Eisenbud jEj in his study of maximal Cohen-Macaulay modules. Since 
we consider the quasi-homogeneous polynomial /, we have a group action (Z-action) on 
the category of matrix factorizations. Inspired by the work by Hori and Walcher [HWJ, we 
introduce the Z-equivariant derived category of Af denoted by D%(Af) (Definition I2.23j) . 
We can now propose a conjecture to K. Saito's problem. 

Conjecture 1.2. Let W be a regular weight system and f be a quasi-homogeneous polynomial 
attached to W . Assume W has a dual regular weight system W* = (a*, b*,c*; h) in the sense 



Ih 2 {x u z) : H 2 {X h Z) x iJ 2 (Xi,Z) -> Z. 



Problem 1.1. ( SalJ) 




(1.1) 
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of |Sa2j and let f* be a quasi-homogeneous polynomial attached to W* . Then the following 
should hold. 

(i) D%(Af*) is generated as a triangulated category by objects {Ei, . . . such that 
Eom D > {Ar) (E i ,E j ) = 0, ifi>j, Uom D ^ Ar) (E i ,E j [k]) = 0, k^0,\j. (1.2) 

That is to say, D%(Af*) is generated by a strongly exceptional collection. 

(ii) Dz(Af*) has the Serre functor S such that S h ~ [3h - 2a* - 2b* - 2c*] where [1] is 
the shift functor on D%(Af*). 

(iii) Let a^ := x(E { , Ej) = dim fc Hom^^^^j, Ej). Put A : = (o^) and I KoiD b {Aft)) = 
A- 1 + t A- 1 . Then (K (D^(A r )), I Ko{D t {Aft)) ) is isomorphic to (H 2 (X 1} Z), -Ih 2 (x 1 ,z)) 
as a lattice. 

This conjecture is based on the relation between the duality of regular weight systems 
and the mirror symmetry of Landau-Ginzburg orbifolds (see jTj). We do not discuss this 
background in detail here but we write the following diagram for reader's convenience. 

Quasi-homogeneous polynomial / for W =4- {Vanishing cycles in X\ = / (1)} 

Duality of weights + Orbifold j ! 

{B-branes in LG orbifold W* / /(Z/hZ)}^ 1 " ^™ 1 ^ {A-branes in LG model for W} 
For ADE singularities, we know that W ~ W* and the generalized root systems for 
them are the classical finite root systems. Therefore, we may expect that the following 
conjecture should hold. 

Conjecture 1.3. Let W be a regular weight system corresponding to an ADE singularity 
and f be a quasi-homogeneous polynomial attached to W . Then D\(Af) is equivalent as a 
triangulated category to the bounded derived category of finite dimensional representations of 
Dynkin quiver corresponding to the type of singularity of f . 

This is also expected from the homological mirror symmetry phenomena for ADE singular- 
ities studied by Seidel. See |Se2j for details. 

In this paper, we will prove the conjecture for ^-singularities fTheorem I3.1)) . where 
we reduce to the case / := x n+l G C[x] by Knorrer's periodicity jKj (see also |01j ). We will 
give a proof of the above conjecture for general cases in a separate paper jKSTj. 

Finally, we will construct a special stability condition for the triangulated category 
D\(A f ) in the sense of T. Bridgeland jB] for f = x h . We can naturally introduce in our 
formulation the phase of objects ( Definition 14.1)1 and the central charge ( Definition 14.3)1 . 
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While our preparation of this paper, two papers related to our work appeared. One 
is the paper jWj by J. Walcher where he studies from physical point of view the similar 
categories and the stability conditions on them (his notion of "R-st ability"). Another is the 
paper |U2j by D. Orlov where he studies the triangulated category for singularities with a 
C*-action, which is equivalent to our category D%(Af). 
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2. Q-GRADED Aqo-CATEGORIES 

In this section, we set up several definitions which we will use in the later sections. Let 
k be a field of characteristic zero. 

Definition 2.1. Let h be a positive number. A Q-graded A^-category A of index h is a 
collection of the following data. 

(i) A set of objects Ob(A), 

(ii) A set of homomorphisms, aQxZ 2 graded k-linear vector space for each a, b G Ob(A) 

A{a, b) = A q {a, b)+ © A q {a, &)_, 

such that 

A q (a,b)+ = 0, q£-rZ, A q (a,b)„=0, q-l<£-Z. 
We call the subspaces 

A(a,b)+ := A q (a,b) + , A(a,b)_ := A q (a,b)_ 

the even and the odd subspaces. 

(iii) for n > 0, k -multilinear maps 

: A(a n -i, a n ) <g) • - • <g) A(a , a x ) -> A(a , a n ), a* G Ob(A), 

of degree 2 — n with respect to the Q-grading which is even (odd) with respect to the 
T, 2 -grading when n is even (odd), where is a map 

: k — > A(a, a). 
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The multilinear maps satisfy the following (A^-relation) . For fixed n, we have 

j2 Yl (-^) lxil+ - +lxrl+r <(x r+s+t ® ■ • • ® Xr+S+1 ® 

r+s+t=n r+l+t=u 

mf(x r+s <g> • • • <g> x r+ i) ® x r ® ■ ■ ■ <g> x\) = 0, (2.1) 

where is the parity of the morphism defined by 

, | f 0, G ^4(a i _i,a i ) + , 
| 1, Xi G ^4.(ai_i,ai)_ 

Remark 2.2. Q-graded A^-category of index 1 nothing but an A^-category with the usual 
'L-grading, we call it a Z-graded Aoo-category or simply an Aoo-category. See jF] and [Sel 
for details of homological algebra of Aoo- categories. 

We write down explicitly the relation ()2.1j) when = for n > 3. For x,y,z G 
© ajfe ^4(a, b), we have 

mftmftl)) = 0, 
m^(m^(x)) = (-l) |:c| m^(m^(l) (g) x) — m£(x <g> mff(l)), 
mfim^x (g) y)) = (— l)' y 'm^(m^(x) ®y) — m^(x (g m^(y)), 
m£(m£(x ® y) ® z) = (— l)' z 'm^(x (g m£(y ® z)). 

Put it := — mg l (l), := (— l)' a: ' +1 m] 4 (x) and x ■ y :— (— l)' y 'm^(a; (g ?/). Then a triple 

(w, d, •) defines on © a bv 4(a, 6) a curved differential graded (CDG) algebra structure [KLlJ. 

Example-Definition 2.3. Let / G C[x±, . . . x n ] be a polynomial which satisfies the following 
quasi-homogeneous condition: 

£x (2 - 3) 

i=i 1 

where a 1; . . . , a n and h are positive integers such that the greatest common divisor of them 
is 1. We denote by Af the Q-graded Aoo-category of index h defined as follows: 

Ob(A f ) = {a}, 
Af(a, a) := C[xi, . . .x n ], Af(a, a)_ := 0, 



m£'(l):=f EA 2 Je,e) + , m?' := 0, 



rri^ 1 (a <S) P) ■= ct ■ P, a, P G Cfsci, . . . x n ), 
where ■ is the usual product on C[x\, . . . x n ] . 

In the above example, we have the special element 1 G A® (a, a) + which defines a unit 
of the algebra C[x\, . . .x n }. It is well-known that the notion of units in A^-categories can 
be introduced as follows: 
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Definition 2.4. Let a G Ob(A). e a G A°(a,a) + is called a unit if 

m£(x, e a ) = x, m£(e a , y) = (-l) lvl y, (2.4) 
for x G A(a, b) and y G A(b, a), and for n^2 

m£(xi, . . . ,x n ) = 0, (2.5) 

if one of Xi coincides with e a . 

Remark 2.5. It is easy to check that if a unit exists then it is unique. 

Definition 2.6. Q-graded A^-category is called unital if each object has a unit. 

Let A be a Q-graded Aoo-category of index h. We can construct another Q-graded 
Aoo-category A of index h from A as follows: 

Definition 2.7. Let A be a unital Q-graded A^-category of index h. 

(i) a set of objects Ob(A) is given by 

(2k 21 1 

Ob(A) := <a{— },aeOb(A),keZ, 6{_}[-i],6e Ob(A),l e Z , (2.6) 

(ii) a set of homomorphisms is given by 

A^{a { ^}M 2 {}) ± :=A^(a,b) ± , (2.7) 

A" ^{|},H|}[-1]) ± ^^^M)*, (2-8) 
3* {a{^}[-l]M 2 l }) :=>^^ +1 M) T , (2.9) 

^(a{|}[-l],6{f}[-l]) ± :=^ + ^(a,fc) ± - (2-10) 

(iii) k -multilinear maps m A are defined using those on A with additional signs as follows. 
For x 1 G ^4(a , ai),...,x n e A(a n -i, a n ), 

m£(x n <g> • • • <g) xi) := (-l) |ao| m^(:r n <g> • • • <g> xi), 

where we regard x^ in the right hand side as a homomorphism in A by the above 
definition (ii) and \ao\ is the parity of ao defined by 

I 0. a = a{f}, aG06(4^Z 
K '°' ' ^ 1, a = a{f }[-!], aeOb(A),leZ' 
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Aoo-functors for Q-graded A^-categories can be denned in an obvious way. There are 
the "translation" functor {-} and the shift functor [1] on A. 

Proposition 2.8. The following functors {?} and [1] define autoequivalences of A : 
,2, / r 2Jfe,\ r 2(k + l), ,2,/ r 2k, r A ,2(ife + l) ir . 

and 

[1] }) - a{?^±%-l], [1] («{|}[-1]) == 4y }• (2-13) 

Put {f } := {| } fc and [/] := [1]' for k,leZ. We have the relation {f } = [2]. □ 

Let A be an Q-graded Aoo-category of index h. Consider the Q-graded A^-category 
A of index h whose set of objects is the set of finite (formal) direct sums of objects of A, 

Ob(A) := |a = 0ai{^}©0a J -{^}[-l], a^ajEObiA), fc*, Zj e z| , (2.14) 

whose set of homomorphisms is 

A(a,b) : = 0^(a^^}, &i J^})©0^(a n {^},6 J2 {-^}[-l]) 

©©^{^Ihi]^^^})©©^!^},^!^}!-!]), (2-15) 

and whose fc-linear maps are defined by those on A using the natural "matrix multiplication" 
rule. 

Definition 2.9. Take an object a £ 06(^4) and Q £ *4.(a, a)_. (a;Q) is called a twisted 
complex if Q satisfies the Maurer-Cartan equation 

J2 m i(Q® n )=0- (2-16) 

n>0 

The set of all twisted complexes is denoted by Ob(Tw(A)) . If Q £ A 1 (a, a)_ m addition, 
then (a; Q) is called a graded twisted complex and we denote the set of all graded twisted 
complexes by Ob(Twz(A)). 

An assumption is necessary for the equation ()2.16|) to make sense. If = 0, then it 
is usually introduced that the notion of one-sided twisted complexes which makes the sum 
in the equation (|2.16|) finite. However we study in this paper the case when ^ 0, we 
shall assume that our yl^-Ccitc gories have no higher product, in other words, = for all 
n > 3. 
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We often write Q in the following form: 

(217) 

where 

Q±± G -4(a±, o±)_, Q ±T G J(a±, a T )+, (2.18) 
and a-t are given by the following decomposition 

a = a+ + a-[-l], fl+ = 0a+,i.{y}, a - = Q) a -A^}- ( 2 - 19 ) 

i i 

Remark 2.10. If A is a unital Q-graded A^- category of index h with = 0, n > 3, then 
there exists at least one twisted complex for each object a G Ob(A). Indeed, 

0, for i,j such that a +ti ^ a_j and a +i {j^} ^ a_j 



QV 



is a twisted complex. 



mfti; 



, /or z, j such that a + ,- t = a_ 



J ' •' " (2.20) 

e n 



I , /ori, j such that a +ji {-£} = a_ J; 
.mfi(l) ' 



Example 2.11. Since Af has no odd homomorphisms, each twisted complex (a = a + © 
a_[— 1]; Qa) has the following form 

Q a :=(g j > Q+- E A(a + ,a_) + , Q_ + G A(a_, a+)+. 

T/ie Maurer-Cartan equation f!2.16|) becomes 

f-ld-Q 2 a = 0. (2.21) 

T/izs z's exactly the same equation which first studied by Eisenbud [Ej in /iis wor/c on maximal 
Cohen- Macaulay modules. Q a is called a matrix factorization of f . 

Let .4. be a unital Q-graded Aoo-category of index h with = 0, n > 3. 

Definition 2.12. Let a := (a; Q a ) and (3 := (6; Q&) 6e twisted complexes. We first put 

Tw(A)(a,(3) := A(a,b)+®A(a,b)_. (2.22) 

VFe define a k-multilinear maps rrin (n = 0, 1, 2) by 

ml w(J \l) := 0, (2.23) 



m [™(^)($) := m ^($) + m ^(Q fe g, $) + m A($ gj j (2.24) 
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where $ G Tw(A)(cx, f3) and 

ml w{A) {^ 2 ®t> l ) :=m^(* 2 0^), (2.25) 
for m l G Tw(A)(a ,a 1 ) = A(a Q ,ai) and ^ 2 G Tw(i)(ai,a 2 ) = -4(ai,a 2 ). 
We often write the spaces of morphisms in the matrix form: 

T W (A)(a^) ± =( J{aM± X{a - K >- 
\A{a+,bJ) T A(a-,b-) ±j 

Lemma 2.13. (m^ w{A) ) 2 = 0. 

Proof. For $ ± G Tw;(^)(a, /3)± ; we have 

(m?° iA) ) 2 (* ± ) =(mft 2 ($ ± ) + m^(m^(Q 6 ® $ ± )) + m?(m^($ ± ® Q a )) 
+ 77^(Q 6 <g> (mf($±) + m^(Q fe <g> $±) + m A (<S>± ® Q a ))) 
+ m A {{m A {<&±) + m A {Q b ® $±) + m£($± <g> Q )) <g> Q„) 
= ± m£(m£(l) <g> $±) - m^($ ± <g> m£(l)) ± m£(mf(Q b ) <g> $±) 

- m^($ ± ® mftQ a )) ± m£(m£(Qf) ® $±) - m^($ ± ® m A {Qf)) 
= ± m*((mg(l) + m?(Q 6 ) + m£(Qf ) ® $±) 

- m£($± ® K(l + m?(Q a ) + m£(Qf )) 
=0. 

□ 

Lemma 2.14. For $ G TK)(^l)(a , cti) and * G Tw(^4)(o;i, a 2 ), we /lave 



(*<g>$)) = (-l)l $ lm[ wW (m™ w (*)®$)-m[ ra( - 4) ($®m[ ra( - 4, ($)). (2.26) 



Proof. 

=m A {m 2 {^ ® $)) + m A (Q a2 ® m A (^ ® $)) + m£(m£(tf ® $) ® Q ao ) 
= (-l)\^m A (m A (m) ® $)) - m^(# ® m^($)) 

(-l) l$l m^(m^(g a2 ® ® $) - m£(* ® m^($ ® g a J) 
= (-l) l$l m^ ( - 4) (m[ u ' ( - 4) (^) ® $) - (-l)l $ lm^(m^(^ ® Q ai ) $) 

- m T 2 w{A \m ® ml w{A \$)) + m A (V ® m A (Q ai ® $)) 
^-l^'m^Vf^ W ® $) - m^^tf ® mf^))- 
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□ 

By the above two Lemmas, we have the following. 

Proposition 2.15. Let A be a unital Q-graded A^-category of index h with = 0, n > 3. 
A collection Ob(Tw(A)), Tw(A)(a, f$) and (ttIq w ' , m\ w ^ , vn^" ) given by Definition \2.yi 
and Definition ^. 10A determines a structure of a differential (Z 2 -) graded category. We denote 
itbyTw(A). □ 

Remark 2.16. Note that the condition that A is Q-graded is not necessary for the above 
definition of the category Tw(A) and the category D b (A) below. We need only the ^-grading. 

Definition 2.17. Let A be a unital Q-graded A^-category of index h with = 0, n > 3. 
We construct the category D b (A) called the bounded derived category of A as follows. The 
set of objects is given by 

Ob{D\A)) := Ob(Tw(A)), (2.27) 
and the set of homomorphisms is given by 

Hom Db{A) {a,l3) :=Ker{ml w{A) : Tw(A)(a,P) + -> Tw(A)(a,P)-) (2.28) 

/lm(m* w{A) : Tw(A)(a,P)- -> Tw(A)(a, (3)+) . (2.29) 

Let T G Tw{A){a,P) + be a uii ^ ^-closed homomorphism. We define a mapping cone 
C(T) as an object 

C(T):=(a[l]®b-Q C{T) ), Qc { t) := fa™ (2.30) 

C{T) is well-defined since the Maurer-Cartan equation (|2.16|) for Qc{T) is equivalent to the 
equation (T) = and the Maurer-Cartan equation (|2.16|) for Q a and Qt,. Note also 

that there are natural closed morphisms 

P -> C(T), C(T) -> a. 
We define an exact triangle in the category D b (A) as a triangle of the form 

a ^ (3 -> C(T) -> a[l], (2.31) 
for some T G Ker^f^ : Tw(.A)(a,/?) + -> Tw(i)(a,/?)_). 

Theorem 2.18. TTie category D b (A) endowed with a shift functor [1] and the class of exact 
triangles defined above becomes a triangulated category. 

Proof. The proof is essentiality the same as the known results in the usual situation. See 
for example, |BK] 7 [UM], and Eill- D 
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Remark 2.19. The twice of the shift functor [2] := [l]® 2 is isomorphic to the identity functor 
in D b (A). 

We shall add more objects to D b (A) following [SelJ. 

Definition 2.20. Consider the category D^^A) whose objects are pairs (X,p) where X 6 
Ob(D b (A)) and p G H.om D b^(X, X) an idempotent endomorphism, and whose spaces of 
homomorphisms are Hom D7r( -_4)((X ,p ), (X 1 ,pi)) := piB.om D b^(X , Xi)p . The category 
D n (A) is called the split-closed derived category of A. 

It is known that D n (A) is again a triangulated category (see BSJ). 

Remark 2.21. Since any projective module over the polynomial ring C[xi, . . . ,x n ] is a free 
module, we have D b (Af) ~ D nt {Af). Therefore, we shall study in this paper only the category 
D\A f ). 

It is not difficult to see that our category D b (Af) is equivalent to the category of ma- 
trix factorizations, or equivalently, the category of maximal Cohen- Macaulay modules over 
C[xi, . . . ,x n ]/(f) without free summands studied by Eisenbud jEj, Knorrer |Kj . Buchweitz- 
Greuel-Schreyer |BGSj . (9r/oi> [UTj and other people {see the book by Yoshino [YJ for the 
details on maximal Cohen- Macaulay modules) . Indeed, we can construct a functor from the 
category of matrix factorizations to D b (Af) once we choose a basis of the free module over 
the polynomial ring. Note that any object isomorphic to a direct sum of the following objects 

'o / 

1 / 

becomes the zero object of the category D b (Af). 

Next, we shall define the Z-equivariant bounded derived category D%(A) of A. Let 
a := (a; Q a ) and (3 := (5; Qb) be graded twisted complexes. We put 

Tw z (A)(a,[3) :=($Twl(A)(a,f3), 

where 

T<{ A)^):J X y^ * e2Z ' (2.32) 
ZV A ; \ A q {a,b)„, g-lG2Z. 

Since Tw%(A)(a, (3) C Tw(A)(a, (3), we can define a ^-multilinear maps m^"' 1 ^ by restrict- 
ing m^" to the subspaces. 

Proposition 2.22. Let Abe a unital Q-graded A^-category of index h with = 0, n > 3. 
A collection Ob(Twz(A)), Twz(a,j3) and run™ 1 ^ given above determines a TL-graded A^- 
category with m n ^ only if n = 1,2, i.e., a differential graded (DG) category in the usual 
sense. We denote it by Twz(A) . □ 
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Definition 2.23. Let A be a unital Q-graded A^-category of index h with m A = 0, n > 3. 
We call the cohomology category of Twz{A) the Z-equivariant bounded derived category of 
A and denote by D%(A). More precisely, the set of objects is given by 

Ob(D b z (A)) := Ob(Tw z (A)), (2.33) 

and the set of homomorphisms is given by 



Horn 



>,/3) -Ker^ 2 ^ : Tw z (A)°(a, f3) - Tw z (A)\a, /?)) 

/imim^^ : Twz(A)-\a,P) - Tw z (A)°(a, (3)) 



(2.34) 
(2.35) 



Let T G Tw z (A)°(a,P) be a z ^-closed homomorphism. As in the case for D b (A), 
we define a mapping cone C{T) as an object 



C(T) := (a[l]®b;Q 



C{T)), 



Q 



C(T) 



Q 



a[l] 



We define an exact triangle in the category D%(A) as a triangle of the form 

a-^/?->C(T)->a[l], 
for some T G Ker(mf" z( ^ : Tw z (i)°(a^) -> T^^V,^)). 



(2.36) 



(2.37) 



Theorem 2.24. The category D\(A) endowed with a shift functor [1] and the class of exact 
triangles defined above becomes a triangulated category. 

Proof. As in the case for D b (A), the proof is essentiality the same as the known results in 



the usual situation. 



□ 



Remark 2.25. The twice of the shift functor [2] is not isomorphic to the identity functor in 
D b z (A). 



Consider the differential graded (DG) functor Tot as in BKJ 

k k 

Tot : Tw z (Tw z (A)) -> Tw z (A), (0(a«; Q ai )\ T) ^ (0 o<; Q + T), 



i=l 



i=l 



where 



/Q ai o o \ 

'•• 

and T G T^(^)(©f =1 (a i; Q a J, @ k i= M\ Q ai )) (C *4(©*U )) satisfies 

mf^ W (T) + m T 2 w ^ A) (T m ) = 0. 



(2.38) 



(2.39) 
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It is well-defined since 

m£(l) + m?(Q + T) + mf((Q + Tf 2 ) 



A 



--m 



1) + mf(Q ai ) + ™}(Q%) + mf{T) + m^(T © Q) + m^(Q © T) + mf(T 2 ) 



i=l i=l 
fc k 



i=l i=l 

Now the following statement is easily shown as in |BKj where they consider the case when 
A is a DG category, i.e., the case when m§ = and h = 1 in our terminology. 

Proposition 2.26. Tot is an equivalence of DG categories. □ 

Indeed, by definition of the twisted complexes and the differential on them, we see 
that (Tw z (Tw z (A))(A, B),ml MTwziA) A and (Tw z ( A) (Tot (A), Tbt(fl)), m^ MA A are the 
same as complexes. 

Corollary 2.27. D\{A) is an enhanced triangulated category in the sense of Bondal-Kapranov 
iBKl. □ 



Let us consider our category D%(Af) a little bit in detail. 

Example 2.28. Let a := (a = a + © a_[— 1]; Q a ) and (3 := (b = b + © &_[— 1] : Q&) objects 
of Twz(Af) . Then the space of homomorphisms is of the following form: 

$ETw q z (a,f3), gG2Z^$= |^+ + $ ° j , $ ±± G X/(a±, 6±) + , 

o / 



and t/ie coboundary operator m^ 1 "^^ becomes the differential of the usual form 

Q 6 $ - (-1)«$Q , $eT<(a,/?). 
iVote £/&a£ «/$ G .A/(a!,/?), t/ien 

- Rp$ + $R a = g$, (2.40) 

where we put 



^:=diag(^i,...,^,^-l,...,^-l), a = 0a{^}©0a{|}[-l], 

i=l i=l 
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and 



ou> oy nV op ™? oy r "L o/' 

^:=diag(^,...,^,^-l,...,^-l), 6 = 0A©©aA[-l]. 

i=l i=l 



By integrating the equation (|2.40|) . we get for A G C, 

e- A ^$(e A T Xl , . . . , e A ^x n )e A ^ = e 9A $(x!, . . . , x n ). (2.41) 

JTiis is £/ie analogue of the homogeneity condition discussed in |HWj . 

Consider the Z-action defined by Xj h- > exp (27Ta/— lp • ai/h) ■ Xi, p G Z. is c/ear £/ia£ 
/ is invariant under this "L- action. Note also that {^}, k G Z can be considered as the 
irreducible representations ofL. For a graded twisted complex a := (a;Q a ), put 

S a := diag(^,...,^,^,...,^), « = 0a{y}©0a{y}[-l]. 

i=l i=l 

Since Q a G ^4 1 (a, a)_, t/ie similar equation as (|2.41j) shows that Q a is equivariant with respect 
to the Z-action, i.e., we have 

e-^ s -Q a {e^ ± x 1 , . . . , e^^^e^s. = Q (x ls . . . , x n ). (2.42) 
One can show that there is also the Z- action on the space of homomorphisms by (|2.41|) . For 

q 

<3?± G .4/ (a,/3)± ; we /iaue 

/ — i~c* , 27r\/~lai 2ir\/—la n „ / — T c < / / — T , , , 

e - 7rV=T5 ^±(e— k— si,...,e — * — x n )e"^ T5a =±e* ,/=l9 $±(x 1 ,...,x n ). (2.43) 

Therefore, if $ is even (odd), then $ is ^-invariant if and only if q G 2Z (g— 1 G 2Z). These 
facts lead us to our definition of 'Z- equivariant derived category D%(Af) of Af. 

Note that the above TL-action on Af factors through TLjKL. The category whose set 
of objects is the set of TLjKL- equivariant matrix factorizations and the space of morphisms 
is TL/hTL-invariant homomorphisms between matrix factorizations are called in physics the 
category of D-branes in Landau- Ginzburg (Z j KL-) orbifolds (see for example [HW|) We can 
construct it by considering the Z/ TtZ- equivariant version of D b (Af). Indeed, we can show 
that it is equivalent to D%(Af)/[2]. In order to recover the TL-grading by the shift functor, 
we introduced here the translation {2/h} and defined a new category D%(Af). 

3. D b z (Af) AND REPRESENTATIONS OF DYNKIN QUIVERS 

The following is our main theorem in this paper. 

Theorem 3.1. Let us put f(x):=x h E C[x] for h > 2 and consider the unital Q- graded 
Aoo -category A f of index h. Then we have the following equivalence of triangulated categories 



D b z (A f ) ^ D b (mod-B), 



(3.1) 
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where B is the path algebra of the following Dynkin quiver of type A h _ 1 : 

•1 -»• »2 -> ► *h-2 -> (3.2) 

(t/te algebra of upper triangular matrices over k), and D b (mod—B) is the bounded derived 
category of finitely generated right B -modules. 

Remark 3.2. The above equivalence for h = 2, D%(A X 2) ~ D b (mod— C) ; gives the simplest 
example of Knorrer's periodicity. 

Proof. It is not difficult to see that our category D%(Af) is a Krull-Schmidt category, the 
spaces of homomorphisms are finite dimensional and the endomorphism rings of indecompos- 
able objects are local rings. See, for example, section 5 of |KE] for the proof of the general f 
which defines an isolated singularity. Therefore, we first study the set of isomorphism classes 
of indecomposable objects. We use the fact that the Auslander-Reiten quiver of the category 
D b (Af) of matrix factorizations for f is given by 

[Qi] ^ [Q 2 ] ^ • • • ^ [Q h - 2 ] ^ [Q h -i], (3.3) 

where 

(0 x h ~ l \ 
), l = l,...,h-l,ieZ, 
x l I 

and each morphism corresponding to the arrow from left to right is given by diag(l, x) and 
the one from right to left is given by diag(x, 1). See |ARj and also jOlj . Hence we have the 
following. 

Lemma 3.3. The set of isomorphism classes of all indecomposable objects of D%(Af) is 
given by 

{[M M ], l = l,...,h-l,ieZ}, (3.4) 

where 

Miy.= (a{|}eo{HS^-}[-l] ; g i y (3.5) 



We also have 

\ o N 



eUom D , (Af) {M^M l+lti ), ^ °j eHom D 6 ( ^ /) (M, iij M,_i, i+ i), (3.6) 



x, 

and hence 

B.om D t (Af) (M k4 , Mi d ) ^ 0, only if k + 2i<l + 2j. (3.7) 

In particular, 

f C, if k < I, , , 

HomWM M ,M, )= . j£k ; i ; ( 3 - 8 ) 
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Proof. One can easily show by direct computations. □ 
Remark 3.4. Note that M M [1] ~ il4_ M+i . 

Serve duality holds in our category D\{Af). 
Lemma 3.5. There are isomorphisms as C-vector spaces 

Eom Di{Af) (M h>i ,M l>:j ) ~ Hom^^M^M^l])*, for all 1 < k,l < h - 1, i,j e Z. 

(3.9) 



Proof. There is a trace map |KL2j 



i- 



Tr k :A f h (M k:h Mi 



k,i 



C, $ ^ 



h-1 



Res 



Str{dQ k ■ $) 



df 



(3.10) 



where 



Str{dQ k ■ $) := [(h - k)x h ~ k ~ l §- 



kx k dx, $ 



$_+ 
$+_ 



Tr fe ($) = = Q fc ^ + ^Q fc /or some ^ since o% • Q k + Q k ■ dQ k = df ■ l 2x2 . 
Note that 

- x h-k-l' 



:= 



„fc-i 



Therefore, under the isomorphism given by 



EA f h (M k)l ,M k J_, Tr fc ($ fc ) = l, Q fc $ fc + $ fc g fc = 0. 







A f (M M , M M )_ ~ ^ (M fc)i , M M _i[l]) 



+ • 



$+_ 




$_+ 
$+_ 

$fc determines an element of Hom D b^ f ~j(Mij, M k ^_i[V\). Moreover, from the knowledge of 
the Auslander-Reiten quiver (|3.3j) of D b (Af), we see that Hom^^^M/j, M k ^_i[\]) ~ CQ k . 
It is not difficult to see that the following pairings 



2m 
h 



Af h {M Kh M hj ) + ®A f 
induce the perfect pairings 



1 2 2m 
h h 



{M hj ,M kii )^^A } 



(M k>i , M M )_ C, m G Z 



Hom D | W (M fc>i> M, J -)®Hom D j (i/t/) (Af, J -,M fc , i _i[l]) -> Hom D j (iA/) (M fc>i , M fc)i _i[l]) ~ C 



□ 



Remark 3.6. S := {^} ° [1] is the Serre functor on D%(Af). In particular, we have 
S h = [h — 2]. Therefore D\(Af) is a fractional noncommutative Calabi-Yau manifold of 
dimension 1 — 2/h in the sense of |5oj . 
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Combining the above Serre duality and the data of the Auslander-Reiten quiver (|3.3|) 
of D b (Af), we see that there are no higher extensions among {M^ }. 

Corollary 3.7. For m/0, we have 

Rom D b {A) (M k>0 , Mi fi [m]) = 0, for all i, j = 1, ...,h- 1. 

□ 

Corollary 3.8. D b (mod— B) is a full triangulated subcategory ofD%(Af). 
Proof. Use the fact that (M^o, • • • , Mh-ifl) is a strongly exceptional collection and 

h-l 

B~ 0Hom D|( ^(M M ,M iiO ). 

Since D%(Af) is an enhanced triangulated category, we can apply the theorem by Bondal- 
Kapranov ([BK] Theorem 1). □ 

Note that the number of indecomposable objects of D%(Af)/[2] is 

# {[M M ] \ 1 = 1,..., h-l, ie Z/hZ} = (h-l)-h, 

which is the number of roots for the root system A^i. This number coincides with the 
number of indecomposable objects of D b (mod— B)/ [2] by Gabriel's theorem Therefore, 
D b (mod-B)/[2] ~ D\{A f )/[2\. This proves Theorem^^ □ 

Remark 3.9. The similar proof can be applied for D n and E$, E-?, E 8 cases since the heart of 
our proof is to use the Auslander-Reiten quivers of D b (Af), the fact that any matrix factor- 
ization over ADE singularities is gradable, the Serre duality and the theorem by Gabriel on 
the number of indecompo sables. They are well-known or can be shown by direct calculations 
with explicit presentations of matrix factorizations. We shall discuss this in detail in the 
next paper KST . 

4. Stability condition on D\{Af) 
In this section, we will briefly discuss on a stability condition on D%(Af). 

Definition 4.1. Let a := (©™ =1 a{f4 © ®7=M^}[-l];Q a ) be an object of D b z (A f ) such 
that Q a is reduced, i.e., each matrix element of Q a is in the maximal ideal generated by 
(xi, . . . , x n ). Then we call the real number 

, 1 T o 1 o ,2* a 2k n 2h 21 

phase of the object a. 
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Example 4.2. Let f : = x n+1 and consider the objects 



M l ,r.= [a{ 2 {} 9 a{ 2 l±^}l-l)-r Xh ~')). (4.2) 



Then 

1 + 2% 1 



Definition 4.3. Let := exp 2iry/ = l/h. For a = (®" =1 a{^} © ®™ =l a{^}[-l};Q a ) , we 
define a C-linear map Z w : K (D%(Af)) ^ C as follows: 

n 

Z w (a):= J> fe <-uA)- (4-3) 

i=l 

By the above example, we see that 0m ; . is the phase of Z^QM^]): 
Proposition 4.4. 

Z„([M M ]) = 2sin(j-7r) ■ e^K*. (4.4) 

□ 

Since we know that all indecomposable objects in D%(Af) for / = x n+1 have definite 
phases, we can define a stability condition on D%(Af). 

Theorem 4.5. Let / := x n+1 and P((f>) be the full additive subcategory of D%(Af) whose 
objects have phase G R. TVien -P(0) and Z^ define a stability condition on D%(Af) in the 
sense of Bridgeland jB] . 

More precisely, P(4>) and Z w satisfy the following properties: 

(i) if M e P{4>), then Z^M) = m{M) exp( v /3 Tvr0) for some m(M) G R> , 

(ii) /or a// G R, P(0 + 1) = P(0)[1], 

(iii) > </) 2 and M { G P{4>i), then Hom^^ )(Mi, M 2 ) = 0, 

(iv) for each nonzero object M G D\{Af), there is a finite sequence of real numbers 

01 > 02 > • ■ ■ > 4>n 

and a collection of exact triangles 

Mi-i ^Mi^Ni^ Mi_i [1], M n := M, M := 
with Nj G P(4>j) for all j . 

□ 
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The space of stability conditions for D%(Af) should be isomorphic to the base space of 
the universal unfolding of / by the mirror symmetry. Therefore we expect that there exists 
a natural Frobenius (K. Saito's flat) structure on the space of stability conditions and the 
stability condition constructed above should correspond to the origin of the base space of 
the universal unfolding. We shall study this in detail elsewhere. 
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